We use the uniform asymptotics method proposed by A. P. Bassom et al. (1998) to study the general fourth Painlevé transcendent, find a group of its asymptotics and the corresponding monodromic data, and prove its existence and "uniqueness."
Introduction
With more and more discovery of their applications in the areas of physics such as quantum mechanics and solitons, Painlevé transcendents have attracted significant attention of many mathematicians in about the last twenty years. One direction of the research in this area is to find the asymptotics behaviour of the Painlevé transcendents as their independent variable approaches the singular points. The work about this can be found in [1, 3, 5, 6, 7, 8, 9, 10, 11] It is important to point out that we care about both the existence and uniqueness of the asymptotic expression in (1.2). There are several major differences between the results in [3] and ours. First, Clarkson and McLeod proved that, as β = 0, (PIV) has a solution approaching 0 when x goes to negative infinity. Because of the addition of the β term, not only can we prove this solution does not exist any more, but we can also prove that every solution blows up in that direction. Second, Clarkson and McLeod obtained three different kinds of asymptotics when x goes to positive infinity. Here with the extra term, we can prove that there is no solution approaching −2x any more. Our major result is that we can rigorously prove the existence, " uniqueness," and the differentiability of the asymptotic expression in (1.2) by applying the uniform asymptotics method to this problem. Of course, it is also possible to use the successive approximation method used by Abdullayev [1] to prove the existence of the asymptotic expressions in (1.2). A very important side product of this paper is the monodromic data corresponding to the asymptotic expression (1.2) that may be used to find the necessary connection formula in the future. This paper is planned as follows. In Section 2, we use elementary analysis to prove the general part of the theorem that states the rough behaviour of the solutions of (PIV) and the general form of the asymptotics of its negative solution as x approaches positive infinity (or the general asymptotics of its positive solution as x approaches negative infinity). Section 3 is the major part of this paper in which we apply the uniform asymptotics method to the general form of the asymptotics obtained in Section 2, find the corresponding monodromic data, and then use the monodromic data theory to refine the general asymptotics expression found in Section 2. In Section 4, we get back to elementary asymptotics analysis and prove the statement (2) of Theorem 1.1.
The general form of the asymptotics as x → +∞
To find a general form of the asymptotics as x → +∞, we first use the transformation x = √ t and y = xz = √ tz to change (PIV) into the following equation: 
where C = 0 and n ≥ 1. Substituting expression (2.2) into (2.1), we obtain
Comparing the terms with lowest power, we get that n = 1 and 2C + (β/t 2 1 C) = 0. This is clearly a contradiction to the fact that C > 0 and β > 0. Now, we can introduce new variables t and u by the following transformations:
The Painlevé equation (PIV) is changed by (2.4) into 
+ o(1).
Proof. First, we prove that u cannot monotonously go to infinity as t → +∞. Otherwise, there would be constants C 1 and t 0 > 0 such that
Applying the transformation τ = lnt and v(τ) = u(t) to the inequality (2.6) yields
Multiplying both sides of (2.7) by 2v which is positive and integrating it, we obtain
Hence, there exist constants C 2 and τ 1 > τ 0 such that
Integrating this inequality again, we obtain
which forces v to blow up at a finite point. Using a similar argument as we use to take care of Case 2 in Section 4, we can show that u cannot approach a finite limit larger than √ 2 as t goes to infinity. Assume that u is oscillating when t → +∞ and t 2 is a large number where u attains its maximum value. Then, u (t 2 ) = 0, u (t 2 ) ≤ 0, and
and the lemma is proved. 
We can take t 0 large enough such that the right side of (2.22) is less than π/2, and therefore, I is bounded and we complete the proof of the lemma.
Combining all the lemmas in this section, we can conclude that the solution y of (PIV) either approaches −(2/3)x as x approaches infinity or blows up at a finite point, and
Monodromic data and proof of Theorem 1.1(1)
Now, based on the conclusion of the previous section, we seek a solution of the form
xV (x) (3.1)
Equation (PIV) can be obtained as the compatibility condition of the following linear systems [4] :
implies the following equations: (3.2) in the neighborhood of infinity, and the sectors S j are given by 8) and the entries p, q, r, and s are independent of ξ, (3) all of the monodromy data of the system can be expressed in terms of two of the four entries p, q, r, and s.
We need to find the monodromy data p and q corresponding to the asymptotic representations in (3.1). Since the values p and q are independent of the independent variable x, we will be able to solve the equation of the monodromic data and find the asymptotic expressions of U and V . To apply the uniform asymptotics method to system (3.2), we need to use a tricky transformation. It is interesting to notice that it is almost impossible to "integrate" the system (3.2) without the following tricky transformation and the magic number a.
Let
where the constant a will be determined later as needed. Then,
, z = xη, and ξ = ix 2 . Then,
(3.11) 2 is a multiple of 3η + 1. Hence,
This equation has three turning points To transform (3.12) to an equation related to the parabolic cylinder equation, we define a constant α and a new variable ζ by
H. Qin and Y. Lu 1429
We need to find the asymptotic expression of ζ first. Let η * = −1/3 + ξ −1/2 T where T is a large parameter with T ξ 1/4 determined as needed later and
Then,
ξT 2 ,
)G] with R 1 taking the + sign and R 2 taking the − sign. Moreover,
(3.17)
Now, we get For the function F(η,ξ) to be a polynomial on η, [2, Theorem 1] is proved. Actually, its proof is still valid for our case although our function F(η,ξ) is rational on η. Hence, we have the following theorem. 
19)
the solutions of the parabolic cylinder equation.
By Proposition 3.1, 
and (3.20), we have to choose 
Similarly, by Proposition 3.1, we have
Thus, we have to choose Therefore,
29)
Since the monodromic data p and q are independent of x, we have proved that
is a constant relative to x. Solving the equation of q, we get
Solving for the real and imaginary parts of this equation, we obtain the expected asymptotic expression
And then,
Because u (t) ≤ 0, u (t 1 ) + C 7 /t 1 ≤ 0 for all t 1 > t 0 . Hence, we have
This is impossible.
Case 4. This case can be eliminated by using the argument used at the beginning of the proof of Lemma 2.2.
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